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Quantitative Theory of Nanowire and Nanotube
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Abstract—We present quantitative predictions of the perfor-
mance of nanotubes and nanowires as antennas, including the
radiation resistance, the input reactance and resistance, and an-
tenna efficiency, as a function of frequency and nanotube length.
Particular attention is paid to the quantum capacitance and kinetic
inductance. We develop models for both far-field antenna patterns
as well as near-field antenna-to-antenna coupling. In so doing, we
also develop a circuit model for a transmission line made of two
parallel nanotubes, which has applications for nanointerconnect
technology. Finally, we derive an analog of Hallen’s integral
equation appropriate for single-walled carbon nanotube antennas.

Index Terms—Antenna, nanotechnology, nanotube, nanowire.

1. INTRODUCTION

E RECENTLY demonstrated the operation of active
Wnanotube devices at microwave (gigahertz) frequencies
[1]. However, the electrical properties of nanotubes as passive
high-frequency components such as interconnects [2], mixers,
detectors [3], [4], and antennas are currently not well under-
stood. In this paper, we study theoretically the interaction of
one-dimensional electronic systems with microwave radiation,
leading to a quantitative theory of nanowire and nanotube
antenna performance. In our previous modeling work [5]-[8],
we briefly considered nanotubes as antennas but did not quan-
titatively assess their performance potential. Recently, we have
been able to synthesize and electrically contact single-walled
carbon nanotubes (SWNTs) up to ~1 cm in length [9], [10].
These tubes are comparable in length to the wavelength of
microwaves in free space. This motivates our study of the
interaction of microwaves with nanotubes and the exploration
of their properties as antennas.

Nanotubes grown in our lab have conductivities several times
larger than copper [9], [10], but the diameter is small, so the re-
sistance is high. Thus, current nanotube growth technology al-
lows for very lossy antennas. In spite of heavy losses, these may
allow a wireless nonlithographic connection between nanoelec-
tronic devices and the macroscopic world. If lower resistance
nanotubes can be grown, we predict the antenna properties to
be dramatically different from conventional thin-wire antennas.
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A. Limits of Applicability

The geometry we consider is that of a thin-wire center-fed an-
tenna where the wire is made of a single-walled metallic carbon
nanotube. This is the first step to a general theory of nanoan-
tennas. Our calculations should also apply to semiconductor
nanowire antennas in the quantum mechanical one-dimensional
(1-D) limit and also to multiwalled nanotube (MWNT) antennas
if suitably generalized [11]. MWNTs with scattering behavior
interpreted as “optical antennas” were recently demonstrated
[12]. Our theory applies only in the quantum mechanical 1-D
limit, where only one subband is occupied by the electrons. Ad-
ditionally, our theory assumes the excitation level is insufficient
to promote electrons from one subband to another. If the exci-
tation level is sufficiently high, then the system will no longer
behave as a strictly 1-D system.

Therefore, this work does not apply to metallic “nanowires”
(which are usually not in the 1-D quantum limit) or to semi-
conducting nanowires with more than one occupied subband.
A possible future project would be to determine the crossover
from nanoantenna to thin-wire antenna behavior. Some work in
this intermediate regime has recently begun [13]-[15], and we
discuss this crossover more extensively as follows.

Our work should apply in the microwave, submillimeter, and
terahertz spectrum. In principle, our work can also apply in the
IR and optical spectrum if the photon energy is lower than any
electronic excitations at that energy.

B. Outline

This paper is divided up as follows. First, we discuss
state-of-the art in nanotube synthesis, paying particular atten-
tion to nanotubes with length of the order of the wavelength of
microwaves, i.e., centimeters [9], [10], [16]-[23]. Therefore,
the synthesis of long SWNTs is possible in several laboratory
settings.

Then, we discuss possible applications of nanotube antennas.
Third, we present a circuit model for a two-nanotube transmis-
sion line, a necessary prestep for the following sections. Fourth,
based on this circuit model, we calculate the spatial current dis-
tribution for a nanotube antenna. Once this current distribution
is known, we treat each infinitesimal element of current as a ra-
diator and add up (integrate) their contributions to the electric
field to determine the total far-field electric field, hence radiated
power. We do this first in the no ohmic loss case, then in the low
ohmic loss case, and finally in the high ohmic loss case. We then
go on to discuss the near-field coupling from one nanotube an-
tenna to the next. Finally, we derive an integral equation (anal-
ogous to Hallen’s integral equation) which outlines a general
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technique for more precise numerical calculations of nanotube
antenna performance.

Where possible, we provide executive summary-type con-
clusions of our calculations for performance predictions to re-
searchers interested in building and measuring the performance
of nanotube antennas. In what follows, we use the same termi-
nology and symbol definition as our prior papers [5]-[8].

II. NANOTUBE GROWTH STATE-OF-THE-ART

In our lab, we have grown some of the longest electrically
contacted SWNTs, with lengths up to 0.4 cm in length. Our mea-
surements indicate that the resistance per unit length is around 6
kS /ppm. When scaled by the diameter of 1.5 nm, this gives rise
to a three-dimensional (3-D) resistivity of 1 ;{2 — cm, which is
lower resistivity than copper. A similar conductivity was mea-
sured on 300-pum-long SWNTs by one other group [24]. Two
other groups have been able to synthesize 600-um [25] and sev-
eral millimeters to 4.8-cm [16]-[22] SWNTs. Recent work has
extended this to 10 cm [23]. Therefore, the synthesis of long
SWNTs is possible in several laboratory settings.

For the resistance per unit length that we measured, as we will
show, this would correspond to a very heavily damped antenna
with significant ohmic losses. However, the mechanism for the
scattering in long SWNTs is still not well studied. With suffi-
cient effort, it may be possible to lower the resistance per length
by improving the synthesis technique. Ultimately, if all impu-
rities could be removed, phonon-scattering would prevail and
limit any further lowering of the resistance and hence loss. At
present, this ultimate limit is unknown. Therefore, the prospects
for low-loss antennas are, at present, a long-term possibility.

III. APPLICATIONS OF NANOTUBE ANTENNAS

A. Solution to Nanointerconnect Problem

Progress to date on nanoelectronics has been significant. Es-
sentially, all devices needed to make the equivalent of a modern
digital or analog circuit out of nanotubes and/or nanowires have
been demonstrated in prototype experiments, and elementary
logic circuits have been demonstrated [26]-[29].

However, one of the most important unsolved problems in
nanotechnology is how to make electrical contact from nano-
electronic devices to the macroscopic world, without giving up
on the potential circuit density achievable with nanoelectronics.

All of the nanotube and nanowire devices developed to date
have been contacted by lithographically fabricated electrodes. A
canonical research theme is to fabricate a nanodevice, contact it
with electrodes fabricated with electron-beam lithography, then
publish a paper reporting the electrical properties. This is not a
scalable technique for massively parallel processing integrated
nanosystems. The potential high-density circuitry possible with
nanowires and nanotubes will not be realized if each nanowire
and nanotube is contacted lithographically.

One potential solution to this problem is to use wireless inter-
connects, which can be densely packed. If each interconnect is
connected to a nanotube of a different length (hence different
resonant frequency), then the problem of multiplexing input/
output signals can be translated from the spatial domain to the
frequency domain, hence relaxing the need for high resolution

Proposed architecture
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Long nanotube
antennas, each
resonant at a
different frequency.
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Fig. 1. Possible scheme for wireless interconnection to integrated nanosys-
tems.

(high cost) lithography for interconnects. This is in contrast to
previous approaches which, ultimately, rely on lithography and
its inherent limitations to make electrical contact to nanosys-
tems. This idea is indicated schematically in Fig. 1.

B. Wireless Interconnect to Nanosensors

Another application is in the area of sensing. For example,
nanodevices could be use as chemical and biological sensors,
sensitive to their local chemical environment. A nanotube could
be used as an antenna to couple to these nanosensors, without
the need for lithographically fabricated electronics. This would
be an RFID technique, where each component of the wireless
systems was made of a nanodevice, including the antenna, thus
eliminating the need for any lithography at all. Such devices
even potentially could be implanted into living organisms to
monitor biological activity in real time in vivo.

IV. TWO-NANOTUBE TRANSMISSION LINE PROPERTIES

In order to understand the nanotube antenna performance,
we must first develop an RF circuit model for a transmission
line consisting of two parallel nanotubes. We first review the
RF circuit model for an individual nanotube, then discuss the
equivalent circuit model for two spinless 1-D wires, then dis-
cuss the circuit model appropriate for nanotubes, taking spin and
band-structure degeneracy into account.

A. Single Nanotube RF Properties

In our recent papers [5]-[8], we considered the electrical
properties of a SWNT above a ground plane in some detail.
There, we found that, in addition to electrostatic capacitance
and magnetic inductance, there were two additional distributed
circuit elements to be considered: the quantum capacitance
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and the kinetic inductance. We briefly reiterate their physical
origins here.

The physical origin of the quantum capacitance comes from
the finite density of states at the Fermi energy. In a quantum par-
ticle in a box, the spacing between allowed energy levels is fi-
nite. Because of this, to add an extra electron to the system takes
a finite amount of energy above the Fermi energy. In 1-D sys-
tems, this can be equated with an energy per unit length. From
this energy per unit length, a capacitance per unit length can be
calculated. From [5]-[8], one finds the following expression for
the (quantum) capacitance per unit length:

2¢?

Co=—.
Q h’l}F

ey
The Fermi velocity for graphene and also carbon nanotubes is
usually taken as vy = 8 10° m/s, so that numerically

Co = 100 aF/pm. )

The kinetic inductance has a simple physical origin as well. It
is due to the charge-carrier inertia: electrons due not instanta-
neously respond to an applied electric field; there is some delay.
For periodic electric fields, the electron velocity lags the elec-
tric field in phase, i.e., the current lags the voltage in phase. This
appears as an inductance. It can be shown [5]-[8] that in 1-D
systems, this inductance is given by

h
L =—5— 3
K= 5o, 3)

which comes out to be numerically
Lk = 16 nH/pm. )

This simple model has been put on more rigorous grounds in
[30].

In a nanotube, there are four copropagating quantum chan-
nels: two spin-up channels and two spin-down channels. Each
has its own kinetic inductance and quantum capacitance. All
four channels have a common electrostatic capacitance to
ground. This has a significant effect on the RF properties, as
discussed in depth in [5]-[8].

B. Circuit Model for Two I-D Wires of Spinless Electrons

In this section, we are interested in the differential modes of a
two-nanotube transmission line system. There will be a voltage
difference between the two nanotubes V(x,t) and a differential
current I(x,t). For simplicity, consider two 1-D wires of diameter
d separated by a distance W, as shown in Fig. 2. Each wire
has its own kinetic inductance per unit length; we neglect the
magnetic inductance because the kinetic inductance dominates.

There will be an electrostatic cross capacitance between the
wires, which is defined as the voltage drop from one tube to the
other when there is an excess charge on one tube and a decreased
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Fig.2. Geometry of two-nanotube transmission line with differential mode ex-
cited.
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Fig. 3. RF circuit model for differential mode of two 1-D quantum wires with
spinless electrons.

charge on the other tube. This can be calculated from simple
electrostatics to be

e e

For the two-nanotube transmission line, the issue of the
quantum capacitance deserves some attention. The correct way
to include the quantum capacitance for the differential mode
is shown in Fig. 3. This will be justified rigorously in a future
manuscript. It is clear that the circuit model of Fig. 3 supports
wave-like excitations of the current and voltage. Rather than
calculating the wave properties explicitly, we move directly to
the case of the two carbon nanotube transmissions line.

It should be noted that these discussions are meant to apply
only to the differential mode. The common mode exication
(where each nanotube carries the same charge) is not discussed
here.

C. Circuit Model for Two Carbon Nanotubes

The circuit model for carbon nanotubes is more complicated,
since each nanotube has four channels (two spin up, two spin
down), each with its own kinetic inductance and quantum capac-
itance. For the differential mode excitations considered herein,
the effective circuit model is modified. There are two spin ori-
entations and two band structure channels that can propagate
current, i.e., four 1-D quantum channels in parallel. Therefore,
the kinetic inductance is four times lower than the one-channel
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Fig. 4. RF circuit model for differential mode of two-nanotube transmission
line.

case, and the quantum capacitance is four times higher than the
one-channel case. The effective circuit diagram that takes these
into account is given in Fig. 4.

By simple applications of Kirchoff’s laws to the circuit shown
in Fig. 4, we can come up with a differential equation for the
differential voltage. If we write the voltage and current on tube
1 as V; and I, and the voltage and current on tube 2 as V5 and
15, and define the differential voltages and currents (assuming a
harmonic time dependence) as

Vb=V -V (0)
IDEjl—Ig (7)

then the following differential equation holds:

0%Vp
ox?

—72Vp =0 ®)

where the propagation constant is given by

712, = 2(R + iwLlg [4)(iwCrotal)- 9)

Here, we have introduced R as the resistance per unit length for
a single tube in order to account for possible damping; this will
be discussed in depth. We use the subscript “p” for plasmon,
because these excitations are collective oscillations of the 1-D
electron density, i.e., plasmons.

General solutions for the differential current and voltage can

be written as

Vp(z) =Vihe ™ ® 4 V5 etr® (10)

Ip(z) =Ife™ " + 15 ™™ (11)
Vit Vo

=0 o=mw® _ 20 T (12)

Zc Zc

where the characteristic impedance and wave velocity are given
by

1 ’R-I—iwL‘K/4

Jo=—— 13
¢ \/5 iwcTotal ( )
1 1
Vp=E————— (14)
P V2 /(Lk [9)Crotal
with
Cotar = (4CQ) ™" + Ci. (15)

The characteristic impedance is so defined because the ratio of
the voltage to the current is constant for a given propagation
direction, i.e.,

oo _ Vo
0 - _0 7z, 16
Numerically, for typical cases, we have
Zo =~ Z12%0 (17)
© %2 T
UV R VFermi = 0.01 c. (18)

Note that we are only considering the differential mode here.
There will also be common mode excitations, which will be
wave-like as well. We do not discuss those here, nor do we claim
that our circuit model is appropriate for common mode excita-
tions.

D. Discussion

First, we neglected the magnetic inductance, which is justi-
fied because it is numerically much smaller than the kinetic in-
ductance.

Second, the wave velocity of this system is about 100 times
smaller than the speed of light. This is because of the excess
kinetic inductance.

Third, the existence of wave-like current excitations is well
documented in the theoretical physics literature on 1-D quantum
systems [31]-[39]. Such slow-wave structures have been con-
firmed at gigahertz frequencies using two dimensional (2-D)
systems with kinetic inductance much larger than magnetic in-
ductance by experiments performed by some of us [40]-[42].

Fourth, our paper is the first to consider the coupled nan-
otube transmission line. This should be put on more rigorous
theoretical grounds by theoretical physicists, who would find
an in-phase and out-of-phase coupled charge oscillation mode.
Similar work has been done already on closely spaced 2-D elec-
tron gas systems [43]. Our circuit model describes the out of
phase (differential) mode.

Fifth, the propagation constant and characteristic impedance
are general expressions that take into account loss. In the low-
loss case, they reduce to the more familiar forms. However, the
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previous expressions are completely general, including the case
of high and low loss.

V. CURRENT DISTRIBUTION ON NANOTUBE ANTENNA

A. Qualitative Discussion

Fig. 5 shows the standard textbook geometry to calculate the
current distribution on a classical thin-wire antenna [44]. How-
ever, in our case, due to the kinetic inductance and quantum
capacitance, the wave velocity is very different from a clas-
sical thin-wire antenna, where only the magnetic inductance is
present.

In Fig. 5(a), we consider the excited two-nanotube transmis-
sion line, where the ends are open. In this case, a standing-wave
pattern is built up (as indicated) for the current and voltage along
the two-nanotube transmission line. Because the currents on the
two nanotubes are in equal and opposite direction, the far-field
magnetic and electric fields generated by each of the wires indi-
vidually cancels. Therefore, the radiated power is approximately
Zero.

In Fig. 5(b), we consider “flaring” the two ends. If the flaring
angle is small, the transmission line properties are almost the
same, hence the standing wave pattern in the current is un-
changed. However, because the wires are no longer close to each
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other at the ends, the far-field electric and magnetic fields gen-
erated by the wires near the end do not cancel, hence the system
radiates power. Eventually, the flare angle becomes 90°, and that
is the geometry considered in this paper. The currents are quan-
titatively calculated as follows.

Note that the technology to fabricate such flared geometries
is not currently available. In addition, the symmetry of the flare
will have an important (critical) effect on the input impedance
of the antenna.

B. Second-Order Flaring Effects

The wave velocity for a traditional two-parallel wire trans-
mission line is independent of the distance between the wires
and equal to the speed of light. Because of this, it is usually as-
sumed that the current distribution for the flared two-nanotube
system has the same wavelength as the unperturbed two-wire
transmission line.

For two-wire nanotube transmission lines, the wave-velocity
depends on the distance between the nanotubes. Therefore, the
wave velocity for the flared nanotubes is different. The reason is
simple: the kinetic inductance does not depend on the distance
between the tubes; whereas, the capacitance does. Therefore, the
wave velocity ~ 1/ v/ LC depends on the distance between the
tubes. This means that for the 90° flared nanotubes, the wave-
length of the current distribution is different. However, since the
electrostatic capacitance is only sensitive to the log of the dis-
tance between nanotubes, this effect will be neglected herein.
Therefore, we will assume that the current distribution of the
flared nanotubes [Fig. 5(c)] is the same as that of the unflared
nanotubes [Fig. 5(a)]. We now calculate that current distribu-
tion.

C. Quantitative Prediction for Arbitrary Resistance

We can use the transmission-line equations to develop ex-
pressions for the current distribution on the wire, explicitly and
quantitatively including the effect of resistance along the tube,
but neglecting (for the moment) the radiation resistance. If there
is a positive-going voltage wave of amplitude V", it will be
reflected off of the ends of the transmission line, with reflec-
tion coefficient 1 (since the ends are an open circuit). Therefore,
there will be a negative-going voltage wave of amplitude V{;” of
equal amplitude. The propagation constant is 7,,.

The voltage along the antenna can be expressed then as

Vp(z) = V0+e—7p(m—l/2) + Vofe“/p(l’—lﬂ) 19)
= V0+e*’yp(w*l/2) + V0+6’Yp(w*l/2) (20)
=2Vt cosh [y, (z —1/2)]. (21

Note that, in this notation, the voltage at the terminals of the an-
tenna Vierminals 1S related to the amplitude of the positive going
voltage wave V! by

‘/terminals = 2‘/(]+ COSh [’Yp(l/2)] . (22)
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Fig. 6. Antenna geometry.

We can use (12) to find the differential current on the line, and
it is given by

+ —
(@) = 0 g=wl=1/2) _ Yo_ ry-iy2)

2

Zc Zc (23)
Vol ety _ Yo ey

=0 7wl — 0 (@ 24
Zc e Zc e (24)
2 +

= Vo sinh [y, ({/2 — z)]. (25)
Zc

This is referred to in Fig. 5, before flaring. After flaring, the
detailed geometry is shown in Fig. 6. It is clear from inspection
that both /7 and I, are in the same direction (the positive z
direction), and each will be equal to half of Ip. Therefore, the
current on the active region of the antenna can be written as

% sinh[y,({/2—2)] 0<z<1/2

I(z) = ¢
= osinh [y, (z +1/2)] 0> 2> —1/2.

(26)

These equations describe the nanotube antenna current distribu-
tion for arbitrary loss, neglecting the radiation resistance.

In the absence of loss (i.e., R = 0), the current can be written
as

0<z<l/2

0>z>-1/2 @7

I(2) = {IO sin [k, (1/2 — z)]

Ipsin [k, (z +1/2)]

where k,, is real and equal to w/v,, the plasmon velocity given

by (14), and Iy = iV;" /Zc. This is what distinguishes a nan-

otube antenna from a traditional antenna, where the wavevector
for the current is the same as the free-space wave vector.

60
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w50 ® ®R=10Q/um
E eeeeR=1kQ/um
g 40 s R =10 kQ/m
3 | I ——
D
5 20
< 10
= ’
-150  -100 -50 0 50 100 150

Distance along NT from terminals (um)

Fig. 7. Current distribution for 1-V 10-GHz excitation on 300-xm antenna.

In Fig. 7, we plot the magnitude of the ac current as a function
of position for various values of R, for a 10-GHz frequency and
300-pm-long nanotube antenna, for a voltage at the terminals
of Vierminals = 1 V. For low enough R, the current distribution
is approximately sinusoidal. As R increases, the resonance be-
havior gives rise to an amplitude that decays exponentially with
distance from the terminals.

D. Effect of Radiation on Current Distribution

We will calculate the far-field electric fields generated by
the current distribution given in (26) and (27). This is not en-
tirely self-consistent, because the current distribution expres-
sion given by (26) and (27) neglect radiation. In reality, there
will be a change in the current distribution due to the radiation.
The far-field electric fields and the current distribution are re-
lated through a set of integro-differential equations, which can
only be solved numerically. However, generally speaking, for
thin wire antennas the current distribution is only slightly mod-
ified by the radiation and is usually neglected. In this paper, we
will assume the current distribution is not significantly changed
by the radiation. This assumption should be put on more rig-
orous grounds in future work, but seems reasonable given what
is known about traditional thin wire antennas.

In summary, we will neglect the effect of radiation on the
current distribution and take (26) and (27) as a given for the
rest of this paper; we turn to the consequences of this current
distribution on radiation, hence antenna properties.

VI. RADIATION PROPERTIES UNDER NO-L0OSS CONDITIONS

Once the current distribution is known, we can treat each in-
finitesimal element of current as a radiator and add up (inte-
grate) the contributions to determine the far-field electric field.
In this section, we will discuss the no-loss condition. While this
may not be achievable in practice, it gives information about the
“ideal” case.

A. Electric Field

Based on the known current distribution, it is straightforward
to calculate the radiated electric and magnetic fields. We follow
Balanis [44]. For a wire antenna of arbitrary current distribution
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1. along the z axis, the electric field in the far field region is in
the @ direction and given by

" +1/2
k —1RT .
Ey =1in c sin 0 / I(z)e*=cosfdy (28)
r ,
—1/2

Here, 7 is the characteristic impedance of free space, equal to
1207 €.

The key result of this paper is that while for a traditional wire
antenna the current distribution is periodic with wave-vector
given by k = 27m/A, where A is the free-space electromag-
netic wavelength, for a nanotube the current is periodic with
wavevector given by k = 27 /\,, where ), is the plasmon wave-
length. This causes the integral of (28) to be different from a
traditional thin-wire antenna.

Numerically, k, ~ 100k, ie., A\, = 1/100A, where X is
the free-space wavelength. For simplicity, we will assume this
relationship to be exact from now on.

We can write the electric field as

0

. k‘@iikr . . l 1kz cos @
Ey=in sin #.X Ipsin |k, [ -+ 2| e SYdz
drr 2
—1/2
+1/2
I ,
+ / Iysin [k,, <5 - zﬂ eihzcost g, (29)
0
Equation (29) can be evaluated, and the result is
) kl kpl
k Ipe ik HCOS (7 cos 0) — cos (7) "
Ey = in— i .
¢ mk'p o o 1—(k/kp)?cos?6 30)

B. Poynting Vector and Radiation Intensity

The Poynting vector can be calculated from the electric field,
resulting in

-

1
Wy =7—|Eq|? (31)
2n
(kN I
- \k, ) 822
Kl ki) 72
cos (5 cos 0) — cos (%)
x |sinf . (32)

1—(k/kp)?cos? b
Next, the (time-average) radiation intensity can be written as

U =r>W,,

2
E\2 Ign ~ cos (% cos 0) — cos (%)
=(—] = |s
ky ) 8n2 [P 1= (k/ky)2cos2 6

(33)

(34)
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180°

Fig. 8. E-plane antenna pattern, based on (30). We assume k,1/2 = .

The antenna pattern is similar to a regular wire antenna as long
as the length is not near [/A = 0.02 n, with n an integer. (We
remind the reader the ) is the electromagnetic radiation wave-
length, which is about 100 times smaller than ), the wavelength
of the current excitation.) If the length is near one of these mul-
tiples, the pattern develops extra lobes. (This includes the case
that the electrical length exceeds the full-wavelength \;,.) In any
case, (34) contains the full radiation pattern for arbirtrary fre-
quencies and antenna lengths. The radiation pattern is plotted in
Fig. 8 for the particular case of [/A = 0.01,ie., 1/, = 1.

C. Total Radiated Power

The total radiated power can be determined by integrating the
radiation intensity over a sphere, i.e.,

W, - d5

e
@
o
Il
v e

W.or2 sin 0dide
0

AN
T \k 47

Il
O\

=

2

- cos (% cosfl) — cos (%)
.3
X ./sm [ = (o /ky) P cos? 6 df (35)
0
kN I3
- (E) L0kl k) (36)
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where we have defined the function &(kl, k() as

2

1 7 s cos(’;lcosﬂ)—cos(kzl)

kl, kyl in” 0 de.
3 )= o /sm 1—(k/kp)?cos?6

0

(37)

The function £(kl, k) can be evaluated numerically. The func-

tion ¢ is of the order of unity and plotted in Appendix I. It is

periodic with k1.

D. Radiation Resistance

The radiation resistance is defined by

k‘ 2
<k—> né(kl, kyl). (38)
P

Since ¢ is of the order of unity, the radiation resistance is of the
order 7/10* = 0.04 Q.
E. Directivity and Effective Aperture

The directivity is given by the maximum value of the radiated
intensity divided by its average value, i.e.,

a\ |m(1T/A
fWaV )

D= (39)

We have numerically evaluated D as a function of k[ and find
that it is two, as long as the length is not near [/\ = 0.02 n,
with n an integer. The pattern is that of a simple thin-wire dipole
radiator. If the length is near one of these multiples, the pattern
develops extra lobes, and in that case the directivity can be as
high as 5-6. In Appendix II, we plot the directivity determined
numerically as a function of k.
The effective area is related to the directivity through

2
A = )\_D

47 (40)

Therefore, for most values of kl, the effective area is approxi-
mately given by

41
This is similar to a thin-wire antenna.

F. Input Impedance

The radiation resistance relates the power radiated to I, the
maximum amplitude of the current along the nanotube. How-
ever, the current at the terminals is equal to Iy sin(k,[/2). The
input resistance due to radiation R;, is related to the power dis-
sipated due to radiation through P.,q = 1 2Rin, where R, is the
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Fig. 9. Plot of radiation resistance, input resistance, and input reactance as
function of I/, where X is free-space wavelength, assuming that k&, = 100k.
xaxisis /A = kl/27 = 0.01k,l/27.

current at the terminals. Therefore, taking this into account, the
input resistance (when there is no intrinsic loss) is given by

R,

Rin = ——7.
sin”(kpl/2)

(42)
The input reactance is easy to understand from Fig. 5 as the
input impedance of a two-nanotube transmission line of length
1/2. This is given by

Ziy = —iZ. cot(kyl/2). (43)
There will also be an input reactance due to energy radiated and
absorbed. However, numerically this will not be as large as the
input reactance of (43), so it is neglected.

In Fig. 9, we plot the radiation resistance, input resistance,
and input reactance as a function of [/)\, where X is the free-
space wavelength, assuming that k, = 100k.

G. Discussion

Why is the radiation resistance so low, and why is it periodic
in k,1/2? The answer to that question is quite simple. To illus-
trate, we show schematically in Fig. 10 the current pattern on
the antenna for three different values of k,l/2.

The elements form what can be considered a phased array of
current sources, but each element is out of phase with its nearest
neighbor by 180°. The far-field electric field is the sum of the
fields generated by each element. Because each element is out
of phase, the fields from the individual elements cancel if there
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Fig. 10. Current distribution schematic for various lengths.

is an even number of elements. If there is an odd number of
elements, all but one of the elements cancel.

This analysis can be carried even further. The analysis sug-
gests that one can neglect all but the last odd element as radi-
ating. This suggests that the antenna properties of a nanotube
antenna whose length is an odd integer multiple of the A, is
equivalent to the short thin wire antenna of length ). Indeed,
this is true quantitatively. The radiation resistance of an electri-
cally short and physically short thin-wire antenna with constant
current distribution is given by

l 2
Rynq = 8072 <X> )

Note that this is not exactly the case we have in mind, but it
provides a first step in understanding how an electrically short
current element radiates. Thus, its application in this case is
semi-quantitative only but allows for improved physical insight
as to why the radiation resistance is so low for nanotube an-
tennas.

If we take [ = X, we get a radiation resistance of 0.08 €2,
which is almost exactly that predicted by our theory in Fig. 9.
There is a factor of two difference because, for the last odd ele-
ment, the current is not constant but periodic in space, whereas
(44) for a thin-wire antenna assumes a constant spatial current
distribution. The average current for a sinusoidal current distri-
bution is 1/ v/2 smaller than the max, thus accounting for the
factor of two difference.

(44)
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For longer antennas, where the length is comparable to the
free-space wavelength, the elements of length )\, are no longer
close to each other compared to the free-space wavelength so
that the situation is quantitatively more complicated. Equation
(38) quantifies this situation. To emphasize this situation, in
Fig. 11 we show a schematic comparison of the current distri-
bution on a thin-wire antenna of length \/2 versus the current
distribution on a nanotube antenna of the same length.

This analysis suggests then, for a lossless nanotube, that
making an antenna of length longer that one plasmon wave-
length is not at all beneficial in terms of antenna properties.
Since the plasmon wavelength is short, a nanotube antenna will,
in the best case scenario, be only as good as a short thin-wire
antenna, with length given by the plasmon wavelength, which
is about 100 times smaller than the free-space wavelength.
This, presumably, is a general property of slow-wave antennas,
of which a nanotube is an extreme example.

VII. RADIATION PROPERTIES UNDER
ARBITRARY L0OSS CONDITIONS

A. Electric Field

In Section V, we solved for the current distribution under ar-
bitrary loss conditions. We now use this current distribution to
calculate the radiation properties. On substituting the general
expression for the current [see (26)] into (28) for determining
the far-field electric field, we have

0
ke tkr vt l .
Z sin 0.X / ZL sinh [’yp (5 +z)} pikzcost 1,
mr C

—1/2

Egzi’q

+1/2

‘/0+ : l ikz cos f
+ Z_c sinh [, 3 —z|le dz y. (45)
0
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Equation (45) can be evaluated, and the result is

2
14 (k/vp)%cos?6

cos (ﬂ cos 0) — cosh (%)

(46)

B. Poynting Vector and Radiation Intensity

The Poynting vector can be calculated from the electric field.
Because yp and Zc are complex, the result cannot easily be
simplified but can be numerically calculated from (31). The ra-
diation intensity can be numerically calculated from (33). The
total radiated power can be determined by numerically inte-
grating the radiation intensity over a sphere. The radiation resis-
tance is not meaningful when there is intrinsic loss distributed
along the antenna. The radiation pattern and directivity can also
be numerically calculated.

C. Input Impedance

If we neglect the energy radiated, the input impedance is
given by

Zin = Z. coth(y,1/2). 47)

This can also be numerically calculated.

VIII. CLASSIFICATION OF LOSS REGIMES

Loss, or resistance, is an important parameter in nanotube an-
tennas. There are two ways in which low loss can be defined.
The first is that the frequency is high enough, and the loss low
enough, so that the wave propagation on the two-nanotube trans-
mission line is dispersion free. Mathematically, the requirement
for this is

wlg/4>R. (48)
If one uses our recently measured value of 10 £/ pm, the low-
loss condition translates into a frequency requirement of

f > 400 GHz. (49)
However, if lower resistance tubes are grown this could be
lower. For example, at cryogenic temperatures this requirement
may be different. This issue is further discussed as follows.
Under these low-loss conditions, the wave-vector is given by

T R iky + a. (50)
The attenuation constant « is given by
1R
=—— 51
=5 (51)

The physical interpretation of the attenuation coefficient is the
length over which a propagating wave on the two-nanotube
transmission line decays in amplitude by 1/e. Additionally,
under these conditions, (48), the characteristic impedance, is

real and given by
o & 1/ Lr .
8CTotal

A second, stricter definition of low loss requires (48) be sat-
isfied and, in addition, requires that the wave is not significantly
attenuated over the length of the antenna. In mathematical terms,
this can be expressed as

(52)

al
— <L 1.

5 (53)

This second condition depends on the length of the nanotube.

IX. Low-Loss CALCULATIONS

In this section, we are interested in determining the effect
of loss on antenna performance in the low-loss regime defined
as both (48) and (53). We seek to find expressions for antenna
efficiency correct to linear order in aL/2.

For the following, we will divide the discussion into two
cases: on-resonance, defined by &,/ /2 = n, and off resonance,
defined by k,l/2 # nr.

A. Resonance Condition

Since the radiation resistance (which is already quite low) is
highest on resonance, this case would be the most logical case
for maximizing the antenna efficiency.

1) Resistive Losses: Neglecting radiation losses, what is the
loss due to the ohmic dissipation? This depends on the resis-
tance per length, antenna length, and frequency. We first cal-
culate the input impedance (neglecting radiation resistance) on
resonance. One can show that, on resonance, the real part of the
input impedance (47) is given approximately by

472
Re(Zin) ~ Ri .

(54)

This allows us to calculate the ohmic losses in the ultra-low
loss condition. Specifically, for a given voltage at the terminals
Vierminals,> the power dissipated due to ohmic losses is given by

l |‘/vtern1i11als|2 1 |2 RI

:_Verminas 75" 55
2 Re(Zi) 3 Vierminal 472 (53)

Pohmir, =

This will be used later.
Note that the imaginary part of the input impedance on reso-
nance will be zero in the presence of any small amount of loss.
2) Radiative Losses: We seek an expression for the radiated
power as a function of the voltage applied at the terminals, in
order to compare with (55).
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In the ultra-low loss case, the overall current distribution (27)
is not significantly altered; therefore, the radiation resistance is
not significantly altered. For the purposes of the radiation re-
sistance, it is sufficient to assume that the current distributing
is still approximately sinusoidal with amplitude [. If we make
this assumption, then the power dissipated due to radiation is
still related to the radiation resistance through (38), i.e.,

Praa = 3|1/ R,. (56)
On resonance, the radiation resistance R, is approximately
equal to 0.03 €2, as discussed in Section VI-D.

When there are resistive losses, the current distribution is
slightly modified from being sinusoidal and the current at the
terminals on resonance is given by Ijsinh(v,//2). On reso-
nance, the current at the terminals can be approximated as

Iterminals ~ 2[0(0([/2) (57)
(The factor of two comes because the differential current at the
terminals is two times the current on an individual tube.) There-
fore, the radiated power can be written as

|Iterminals | 2 R

1 1
Praa = = |Io|*R, = - Herminalsl p
a = 3l 2 (ad)?

(58)

This allows us to calculate the power dissipated as radiation.
Specifically, for a given voltage at the terminals Vierminals, the
power dissipated due to radiation is given by

1 |Itorminals|2 1 V:corminals 1
Pog=-——F7-—"R, == R,.. (59
Z S (al)? 2 | Re(Zam) | (i 9
Based on (54), (59) can be expressed as
1 R, 1
Pra =3 erminasz_1_-
d 2|Vt Is] 771 (60)

(&

This will be used later.

A comment about (60): This is interesting, because it shows
that the radiated power does not depend on the resistance per
length of the nanotube, in the low-loss limit. This is because the
current distribution is assumed to be the same, regardless of the
loss, which is approximately true. The radiated power depends
only on the current distribution, so it does not change in this
approximation. Only the current at the terminals changes and
only by a small amount in the low-loss approximation.

3) Antenna Efficiency: We define the antenna efficiency as
the ratio of the power dissipated in radiation to the total power
dissipated (radiation and ohmic), i.e.,

Prad

AE = ———F—.
Prad + Pohmic

(61)
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Based on (60) and (55), this can be written as

1 1

1+RI/R.,  1+RI/0.03Q

(62)

This means that as soon as the nanotube dc resistance of length 1
exceeds 0.03 €2, the resistive losses dominate. We plot in Fig. 12
the antenna efficiency as a function of Rl. Numerically, (62) is
good to within 0.3 dB if R/ is less than 10* Q.

B. Off-Resonance Condition

In the off-resonance case, the discussion is similar. We want
to determine the power dissipated due to radiation losses and
ohmic losses, then calculate the antenna efficiency.

1) Resistive Losses: For small damping, off resonance, the
real part of the input impedance (47) is given approximately by

al/2
Re(Zin) = 7. =
i) = Ze 179

RI/4
sin’(k,l/2)

(63)

This allows us to calculate the ohmic losses in the ultra-low loss
condition. For a given voltage at the terminals Vierminals, the
power dissipated due to ohmic losses is given by

_ 1 |‘/vtern1inals|2 1

.2
sin“(k,l/2)
Po mmic — S =5 Vermina s 2 L
' 2 Re(Zy) 3 Vierminats|

. (64
RI/4 ©4)

2) Radiative Losses: Off resonance, the current at the termi-
nals is not near a null, so the sinusoidal approximation can be
used, i.e.,

Itorminals = 2IO Sln(kpl/2) (65)
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Combining this with (56), we find

Prad — 1 |Iterminals|2

s I 66
2 4sin’(k,1/2) (66)
1 I/vterminals ? 1

_1 R, 67
2| Re(Zin) | 4sin®(kyl/2) ©7
1 ) s AR,

= 5 |‘/terminals| sl (kpl/2) W (68)

where we have used (63). This will be used later.
3) Antenna Efficiency: Based on (66) and (64), this can be
written as

1

AE = ——.
1+ RI/R,

(69)
This is the same as the on-resonance condition. However, the
radiation resistance R, is frequency dependent and maximum
onresonance. (See Fig. 9.) Therefore, the antenna efficiency will
be maximum on resonance.

X. HIGH-L0OSs CALCULATIONS

A. Loss Classification

We calculated the antenna efficiency in the low-loss case ac-
cording to the criteria al/2 < 1. In this section, we seek to de-
termine the antenna efficiency in the high-loss case according to
the criteria o/ /2 > 1. If this criteria is met, and if the antenna
is designed for microwave frequencies, then it is also going to
be true that the system is in the high-loss case according to the
condition wL < R. We elaborate.

If the antenna is designed for microwave frequencies, then the
length will be of the order the plasmon wavelength at microwave
frequencies, which is of order 100 pm. If this is the case, and it
is true that al/2 > 1, then according to (51), the resistance per
length will be at least of order 100 k2/ zm, which is numerically
larger than w L i at microwave frequencies. Therefore, the high-
loss calculations to be discussed in this section will be high loss
in both senses of (48) and (53).

B. Qualitative Discussion

In the high-loss case, the current distribution is dramatically
changed. Essentially, the only spatial region of the antenna
which carries current is the region within a~! of the terminals.
By definition «l/2 > 1, this is a small fraction of the entire
antenna. This is seen clearly in Fig. 7, where we plot the current
distribution for various loss values. For the highest values of
R, the current flows only near the terminals. It is dissipated as
ohmic losses before reaching the end of the nanotubes, which
are far away from the terminals on the scale of a~!. Therefore,
the radiated power and radiation efficiency will be significantly
lower than the low-loss prediction (62).

C. Numerical Calculation

We have numerically evaluated the radiated power and ohmic
dissipated power as a function of the RI product and then calcu-
lated the antenna efficiency as defined previously. The radiated

power is calculated numerically by integrating the radiation in-
tensity calculated from the electric field (45) over a sphere. The
numerical integration was performed using a simple script in
Mathematica. A length [ = 0.01\ was assumed for the cal-
culations, which corresponds to the on-resonance case in the
low-loss condition as discussed previously.

The ohmic losses are calculated numerically by calculating
the power according to

(70)

Pohmic = %Re [‘/terminalsI:erminals]
and exploiting the input impedance given in (47) for the rela-
tionship between Vierminals and Tierminals-

In Fig. 12, we plot the exact numerical solution for the an-
tenna efficiency as a function of the parameter RI. Interestingly,
this curve is universal regardless of the frequency, the numerical
value of R, or the numerical value of [, as long as one assumes
I = 0.01)\. Since we showed in the low-loss case that the an-
tenna efficiency is maximized on resonance (which is true of
[ = 0.01)), it is reasonable to assume antenna operation in the
high-loss case would be for the same length.

D. Discussion

From Fig. 12, it can be seen that the low-loss approximation
breaks down for an RI value of around 20 k2. For a nanotube
antenna with a microwave resonance frequency, the length will
be of order 100 pm. For this antenna, the low-loss approxima-
tion will break down at a numerical value of R ~ 100 €2. This
value is about 100 times lower than our measured value of R of
10 kQ/pum. Therefore, for available nanotube technology, the
antenna will most likely operate in the high-loss region. How-
ever, since long nanotube devices are relatively new, this situ-
ation may be improved on in the future, if higher conductivity
nanotubes can be grown. For realistic values of R, the antenna
efficiency is low. This is a drawback of nanotube antennas in
the thin-wire geometry discussed in this paper. We return to this
issue the following.

XI. IMPEDANCE MATCHING

We wish now to discuss the input impedance and the issue of
impedance matching.

A. Numerical Evaluation of Input Impedance

We found the antenna efficiency is maximized in the resonant
case, which is therefore the most likely regime of operation.
On this resonance, the imaginary part of the input impedance
is zero. Therefore, one only has to deal with the real input
impedance. We plot in Fig. 13 the input impedance, calculated
from (47), as a function of RI. We have again assumed that
[l = 0.01\

In the low-loss case, the input impedance diverges, because
the resonance causes a null in the current at the antenna termi-
nals. (See Fig. 7.) As the loss increases, the current at the ter-
minals increases, thus decreasing the input impedance. When
the input impedance becomes numerically equal to the charac-
teristic impedance, this corresponds to the condition «l/2 ~ 1.
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Fig. 13. Real input impedance at antenna terminals versus RI, assuming | =
0.01X. Result is independent frequency or length, as long as equation is true.

Above this value, the input impedance increases again, this time
due to the severe ohmic losses. Interestingly, this curve is also a
universal curve regardless of the frequency, the numerical value
of R, or the numerical value of [, as long as one assumes [ =
0.01.

Off resonance, the imaginary impedance will be very large
and frequency dependent, making impedance matching more
complicated.

B. Natural Transformer From Free Space to
Quantum Impedance

The input impedance is high, of the order or larger than the
resistance quantum of 25 k2. This is no surprise, because in
our model the antenna is fed with a high-impedance two-nan-
otube transmission line. Thus, the nanotube antenna on reso-
nance can be viewed as a natural quantum transformer that
transforms the characteristic impedance of free space (1207 (2)
up to the quantum impedance (h/e2), assuming one is on res-
onance. Because most nanodevices and circuits are inherently
high impedance, this is a desired property of the system.

XII. DISCUSSION

A. Loss and Efficiency

The fact that a nanotube current distribution has a different
wavelength than the free-space wavelength restricts its proper-
ties, in the best case, to be equivalent to those of a short thin-wire
antenna. This means the radiation resistance is low and causes
any small ohmic resistance to reduce the overall antenna effi-
ciency significantly. For current nanotube technology, this is a
big challenge.

For impedance matching to quantum devices, it appears the
optimum R product is about 10 k€2, which translates into a re-
sistance per length of about 10 €2/pm. This may be achievable
in the near term at room temperature for nanotube antennas and
is likely achievable at cryogenic temperatures. According to our
calculations, this would correspond to an antenna efficiency of
about —60 dB. Clearly, this is not suitable for long-range wire-
less communications systems. However, it is generally a large
unsolved problem to make electrical contact to the nanoworld
and even more difficult to transfer more abstract information
from the macroworld to the nanoworld. In this case, a wireless
link from an integrated nanosystem to the macroscopic world
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may still be advantageous over lithographic interconnects
from a systems point of view, in spite of the somewhat low
antenna efficiency. This problem of low-efficiency contact to
the nanoworld is not unique to wireless interconnects. With
dc contact to nanodevices, the contact resistance is typically
high and is a complicated physical phenomenon. From this
perspective, wireless connections offer a much ‘“cleaner” phys-
ical system, with less ambiguities such as Schottky barriers,
quantum contact resistances, and similar issues currently being
heavily investigated the field of nanoelectronic devices.

B. Transition From Nanoantenna to Thin-Wire Antenna

A question which naturally arises in this context is: How
thin does a wire have to be for its behavior as an antenna to
be different than a regular thin-wire antenna? This can be
rephrased: at what diameter is the kinetic inductance compa-
rable to the magnetic inductance? The magnetic inductance
is only weakly dependent on the diameter, and is about 1
pH/pm. A rough estimate for how the kinetic inductance scales
with length comes from observing that the kinetic inductance
per unit length is crudely m/ne?, where n is the number of
electrons per length. If one assumes metallic systems with one
electron per atom, and atoms of size 1 angstrom, then for a
diameter of d, the number of electrons per meter along the
wire is approximately 1/d?, with d in angstroms. Therefore,
the kinetic inductance is approximately (1/d?) x 10~ H/m.
Equating this with the magnetic inductance and solving for d,
we find that a value of d = 100 nm is the critical diameter
demarcating the boundary between nanoantenna, where kinetic
inductance dominates, and thin-wire antenna, where magnetic
inductance dominates. There is clearly plenty of room to engi-
neer antenna performance in the intermediate regime. This is
an interesting topic for future study.

C. Assumptions

There are a number of unproven assumptions in this
paper. First, we argued that the effective circuit model of a
two-nanotube transmission line includes kinetic inductance and
quantum capacitance as dominant circuit elements. Second, we
argued that the radiation does not affect the current distribution
on the nanotube significantly. Third, we argued that the radia-
tion reactance is small compared to the kinetic inductance, but
we did not explicitly calculate the radiation reactance. These
arguments, while reasonable, should be put on more rigorous
grounds through self-consistent calculations that include the
full quantum properties of electrons in coupled two-nanotube
systems and their interaction with microwave radiation. Our
work should be viewed as an engineer’s attempt to simplify a
complicated physical system down to its most important basic
elements in order to provide simplified approximations for
antenna performance.

D. Alternative Geometries

In our calculations, we have considered the simplest antenna
geometry, that of a thin-wire antenna. In this case, the radiation
resistance turns out to be very low, so that minimizing ohmic
resistance is a critical issue. In other words, for resistive nan-
otubes, the antenna efficiency is low. However, our work is only
the first step in the design of nanoantennas. For example, there
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Fig. 14. Side-by-side antenna geometry assumed.

may be other, alternative geometries that are more suited to par-
ticular properties of nanotubes, such as the high kinetic induc-
tance and high resistance. This remains an open question for
future work.

E. Future Work

Our work is really only a baby step in the field of the inte-
gration of wireless technology with nanotechnology. The next
logical question is, fo what do you connect to the terminals of the
antenna? This is related to the nascent field of nanoelectronics
architecture, which has many issues remaining to be solved. In
this context, our work in this paper provides initial steps in un-
derstanding the antenna properties of nanotubes and nanowires,
which will be needed for the future architecture work.

XIII. NEAR-FIELD COUPLING

Typically, an antenna is intended to be used to communicate
between distant physical objects: the receiver and transmitter
are usually physically separated by many wavelengths. Thus,
for the previous calculations, we have focused on the far-field
radiation properties of nanotubes.

Due to the high resistance of a nanotube, the far-field effi-
ciency for currently grown single walled carbon nanotubes is
low. Therefore, in this section we consider the near-field prop-
erties. On-chip ac coupling from one nanotube to another may
be a more feasible near term prospect. In addition, our calcula-
tions in this section should have important applications in the
future use of nanotubes as high-frequency interconnects in inte-
grated nanosystems.

A. Model Geometry

In Fig. 14, we show the model geometry we consider. In the
first section of this paper, we considered a single nanotube an-
tenna without any other conductors nearby and calculated the
radiation pattern in the far field.

In case there are nearby objects, say several other antennas,
the input impedance of a nanotube antenna can still be repre-
sented by a two-terminal network. However, the value of this

input impedance is determined not only by the self-impedance
of the antenna but also by he mutual impedances between it and
the other antennas and the currents flowing in them [45].

In order to solve this problem, we use an induced EMF
method to calculate the impedance matrix that relates the
currents and voltages at each antenna terminal. This matrix is
given by

Vi=9LZ+ 127>
Vo =1791 + 12792

(71)
(72)

where V; and V; are the voltages at the terminals of antenna 1
and 2, respectively, and I; and I5 are the currents at the terminals
of antennas 1 and 2, respectively. In this paper, we assume both
antennas are identical in geometry. In this case, Z11 = Zs2, and
this is the input impedance of the antenna calculated previously
for the far-field case, i.e., (47). Additionally, reciprocity implies
that Z1o2 = Zs;. Therefore, to calculate the mutual impedance
Z12 between the two antennas, we need only to determine Z15.
This is discussed next. For this paper, we discuss the mutual
impedance in the no-loss case (i.e., we neglect the ohmic resis-
tance of the nanotubes).

B. Induced EMF

In this section, we use the standard technique for calculating
the mutual impedance between two dipole antennas. In standard
antenna theory, the reciprocity theorem is used to prove that Z»;
is given by [44]

1/2
L ;
T = — / B (2)Iy(2)dz (73)
Iyida;
_12

where [y; is the current at the terminals of antenna 1 (and simi-
larly for antenna 2), I5(z) the current distribution on antenna 2,
and Fa(z) the electric field produced by antenna 1 at the sur-
face of antenna 2. In deriving this equation it is usually assumed
that the tangential component of the electric field at the surface
of both antennas is zero. In the case of a nanotube antenna, this
is not necessarily true. For the purposes of this paper, we con-
jecture that (73) describes the mutual impedance even when the
boundary condition at the surface of the antenna is different than
a perfect conductor.

C. Exact Field of Nanotube Antenna

In this section, we calculate the exact field of a nanotube an-
tenna, assuming a current distribution given by (27). We first
calculate the vector potential as [44]

1/2
I . k (1/2 — ! —1kR
Ay, 2nt) = 22 / sin [k (1/ R|Z|)]e 4z (74)
vy
_1/2

where R = [z2+y?+(2—2")?]'/2. In Appendix III, we perform
this integral and determine the exact electric field for a nanotube
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Fig. 15. Coordinate system for exact electric field calculation.

antenna, valid for both the near field and the far field. We find
(using the coordinates as shown in Fig. 15)

—1kRy efikRg

nly [e
ko N

E. =
T4 | "Ry Ry

D. Mutual Impedance

Once the exact electric field produced by an individual nan-
otube is known, the mutual impedance can be calculated based
on (73)

1/2
30
Jog = t—5—— in [k, (1/2 — 76
n=igog | S0 09
—1/2
e—ile e—ikRQ k1 e—ikr
X -2 £ :
o + n COS<2> " ]dz 77

E. Numerical Evaluation of Mutual Impedance

In this section, we consider the numerical evaluation of (77).
For the purposes of this paper, we will consider two nanotubes
with spacing that is of the order the plasmon wavelength. Since
this length is approximately 100 times smaller than the free-
space wavelength, we can approximate the exponentials with
their Taylor expansion. Since we are interested in power cou-
pling, we focus on the real part of Z5;. We also will assume, for
simplicity, that the overall antenna length is an integral number
of odd half plasmon wavelengths so that the third term in the
integrand vanishes. In this case, the only term left to integrate
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is a sine term, which can be done analytically. The results are
given as follows:

Re(Za1) ~ 120 <k£>

p
~1.20

(78)
(79)

where we have assumed £,/ = 7. Note that in this limit (nan-
otubes much closer to each other than the free-space wave-
length), the real mutual impedance is independent of distance.

F. Mutual Impedance: Discussion

The goal of this section was to calculate the mutual
impedance to determine whether nanotubes could act as better
antennas when used in the near field rather than the far field.
The answer is clearly yes. The physical interpretation of the
mutual impedance is that if it is larger than the self-impedance,
there is significant coupling between the antennas. Since the
self-impedance (calculated previously) is typically of order
0.02 €2, the mutual impedance is much larger.

We have not yet considered the effect of ohmic losses quanti-
tatively on the near-field coupling. However, because the mutual
impedance is larger than the self-impedance, it will be less ef-
fected by ohmic losses.

Although we only we considered numerically the case where
the nanotubes were closer together than the free-space wave-
length, the general procedure described could be used for arbi-
trary antenna spacing and orientation.

XIV. INTEGRAL EQUATION FOR ANTENNA CURRENT

In the previous sections, we assumed the form for the current
distribution was given by (26). However, this was only argued
on the basis of intuition and not rigorously proved. In this sec-
tion, we derive an integral equation which would allow for a full
numerical calculation of the current distribution on a nanotube
antenna.

Such an integral equation approach allows one to use the
“Maxwellian” approach and treat the problem numerically. The
advantage of such an approach is its exactness and the ability
to treat the detailed shape of the flare at the terminal regions
of the antenna. The disadvantage is the extra overhead required
to set up the numerical processing and also (more importantly)
the lack of physical insight. One risks losing this insight by pro-
gramming Maxwell’s equations into a computer and reading out
the result without critical evaluation.

A. Boundary Conditions: Perfect Metal

The boundary conditions for the electric field E are that the
tangential component of the electric field is continuous. In a
perfect metal, the electric field is zero inside the metal, and all
the currents flow on the surface (at ac). This gives rise to the
boundary condition that the electric field tangential to the metal
is zero at the surface of the metal. This approximation gives
numerically correct results (radiation resistance and reactance,
current distribution, and radiation pattern) for most antennas.
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B. Finite Conductivity Metal: Skin Depth

For metals with finite conductivity, there is some penetration
of the electric field into the conductor, the so-called skin depth.
Typically, the skin depth is of order 1 ;m. Because this is typi-
cally much larger than the diameter of a classical thin-wire an-
tenna, it is numerically approximately correct to assume that all
the currents flow on the surface of the conductor.

The skin-effect also gives rise to a small surface resistance
and surface inductance. The physical origin of the surface resis-
tance is simple: The electric field penetrates into the conductor;
there is some current flowing parallel to the electric field; hence,
there is some power dissipated, i.e., resistance. The physical
origin of the surface inductance is also simple: There is some
magnetic field inside the metal which gives rise to stored (mag-
netic) energy along the surface of the metal. This stored energy
is equated with LI 2 /2, i.e., an inductance. Numerically, since
these resistances and inductances are typically small, they are
usually approximated as zero, at least as far as antenna theory
is concerned.

C. Boundary Conditions: Nanoantenna

The boundary conditions for a nanotube antenna are quite
distinct. Although a full quantum calculation would be neces-
sary to correctly determine the boundary conditions [46]-[53],
for this paper we provide an estimate only. In this paper, we
model the electrons as confined in one dimension. This means
they cannot move in the transverse direction, but only along the
nanotube axis. To elaborate, in a classical diffusive wire, elec-
trons are free to diffuse in all three directions. This gives rise,
at ac, to the exclusion of electric fields (and currents) inside
the conductor and penetration of the electric fields and currents
within one skin-depth (typically a few micrometers) of the sur-
face. Since the diameter of a nanotube (a few nanometers) is
much less than the skin depth, this model is clearly not appro-
priate. In this paper, we neglect the fact that there is a hollow
“core” inside the nanotube and instead treat the current as uni-
formly distributed over the cross-sectional area of the nanotube.
This is not physically the actual situation, but we argue it should
give approximately correct results for antenna properties.

A second question is where the actual boundary is between
the surface of the nanotube and free space. Since we consider
a system with atomic dimensions, the distributed nature of the
electronic wave function makes this question difficult to answer
exactly. For the purposes of this paper, we will assume there is
a boundary that is of the order of the diameter of the nanotube
between “conductor” and free space.

These considerations, of course, dramatically change the
boundary conditions compared to a classical thin-wire antenna.
If the nanotube impedance parallel to its axis were only resis-
tive, we would have a simple linear relationship between the
electric field component along the nanotube and the current flow
along the nanotube. However, as we have argued previously,
there is also a large inductance component of the nanotube
impedance, which also needs to be taken into account. On this
basis, we argue that the boundary condition for the electric field
on the surface of the nanotube is given by

Ej = (R +iwly/4)I. (80)

Here, I is the current flowing along the nanotube, which is posi-
tion dependent, and ‘R is the resistance per unit length (assumed
numerically equal to the dc resistance per unit length) and L /4
the kinetic inductance per unit length, with the factor of four due
to band structure and spin degeneracy, as explained.

The distributed resistance in (80) can be thought of as the
analog of the surface resistance for a classical thin-wire antenna.
However, the kinetic inductance is not analogous to the sur-
face inductance of a classical thin-wire antenna. For a classical
thin-wire antenna, it is usually assumed that the conductivity
o, defined through the relationship J = o F, is real and inde-
pendent of frequency. However, the kinetic inductance in this
paper actually refers to a situation where the conductivity has a
real and imaginary component, and the imaginary impedance is
given by iwL /4.

In this section, we have neglected the quantum capacitance
for two reasons. First, it is not immediately clear how to in-
corporate it into the relationship between the electric field and
the electrochemical potential; second, it would not have a large
quantitative effect on the conclusions.

D. Integral Equation

In this section, we follow tILe work of Hallen as notateld in
Kraus [54]. The electric field £ and the vector potential A are
related by

2

E=—i—V(V-A)—iwA.
w

(81)

The tangential component of F will lie in the z direction, as-
suming the same coordinate system as in Fig. 6; the current is
also in the z direction. Hence, the vector potential A has only a
z component so that (81) becomes

2Az
E. = —i¥ (8 + kQAz> . (82)

k2 \ 022

By enforcing the boundary condition that the tangential compo-
nent of the electric field just outside the surface of the nanotube
(82) is equal to the tangential component of the electric field
inside the nanotube (80), we find the following relationship be-
tween A, and I:

%A, 9 k2 .
W+IB A, = ;('R-I-Z(U[,K/ﬁl)]. (83)
The solution of (83) can be written in integral form as
A, = Cycos(kz) + Coysin(kz)
LRt wli/b) / I(s)sin (k(z — ) ds. (84
c

0
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We can also express the vector potential in terms of the current
on the antenna as

o N
W IZ —1RT
A = “Z / 1 4z (85)
vi9 T
—i/2

where 7 = [p? + (z — 21)?]"/?, and 2, is a point on the surface

of the nanotube. By equating (85) with (84), we find

1/2

Iz —ikr V-
4[—; / %dzl = Cy cos(kz) + 7T sin (k|z|)
~12

I(s)sin (k(z — s)) ds.

LR+ iwLic/Y) (R+zw£K/4 / (86)

0

This equation is similar to Hallen’s integral equation, with the
exception of the kinetic inductance and distributed resistance
term.

E. Discussion

Although we have not carried out the numerical solution of
(86), we claim that if it was carried out, the current distribu-
tion would be approximately given by (26). If this hypothesis
is wrong, then so are the conclusions of this paper. (Note that
after this paper was submitted, a numerical approach appeared
in print which seems to confirm this hypothesis [55].) The rea-
soning for this argument is simple. In the case of a thin-wire
antenna, the current distribution for the parallel two-wire trans-
mission line (sinusoidal) is approximately the same as for the
thin-wire antenna. By analogy, we expect that the current dis-
tribution for the nanotube antenna is approximately the same as
for the two-nanotube transmission line system. This has already
been indicated schematically in Fig. 5.

In the case of thin-wire antennas, there is an important
difference between the exact solution and the approximate
(sinusoidal) solution for the current distribution: When there
is an antinode in the current at the terminals of the antenna,
the current is zero; hence, the input impedance diverges. In
our approximate theory for the nanoantenna, we also predict
this divergence in the input resistance [see (42)]. Thus, while
our analytical theory provides estimates of nanotube antenna
performance, more quantitative work will require a numerical
solution of (86).

XV. CONCLUSION

Simply speaking, one cannot think of a nanotube antenna
in the same way as a thin-wire antenna because of the excess
inductance of the order 10* time of the inductance of a thin-wire
antenna. This translates into performance predictions which
are substantially different than thin-wire antennas, essentially
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because the wavelength of the current excitation is 100 times
smaller than the wavelength of the far-field radiation, a unique
situation.

An advantage of nanotube antennas is that the nanotube can
serve as an excellent impedance matching circuit to get from
free space to high-impedance devices. A disadvantage, for cur-
rent growth technology, is the low efficiency. With the nan-
otubes we are able to grow in our lab, we can achieve a predicted
antenna efficiency of —90 dB.

With future, higher mobility nanotubes, better performance
would be possible; although, prospects of approaching efficien-
cies of the order of unity seem dim with the simple thin-wire
geometry considered in this paper. (For this, alternative geome-
tries may be required.) Doing so will require nanotubes with
ballistic transport over 100 s of micrometers. That is maybe not
totally unrealistic. After almost 30 years of research on molec-
ular beam epitaxy (MBE) growth, it is now possible in 2DEGs
at cryogenic temperatures to achieve ballistic transport over 100
s of micrometers. The reduced phase space for scattering in
carbon nanotubes (CNTs) makes it possible to have much higher
mobilities than 2-D systems, so it is conceivable to achieve. In
that case, and for more realistic lossy cases, our theory provides
quantitative predictions for expected nanowire and nanotube an-
tenna performance.

In an interesting historical aside, we have come almost com-
pletely full circle. Over 50 years ago, Hallen found one of the
only analytical solutions to the current distribution on a radi-
ating system. This solution was exact only in the limit that the
length/diameter ratio was infinite. Since that time, most antenna
work has focused on numerical methods to treat various geome-
tries which could not be solved analytically. Now, with the ad-
vent of centimeter-long carbon nanotubes, mankind has found
a technique to fabricate conducting wires with unprecedented
aspect ratios of order 107. It is somewhat ironic that the conclu-
sions of this paper are that the only analytical theory available
for antenna properties actually does not apply at all in the small-
diameter limit assumed. When the diameter is a nanometer, the
antenna behavior is quite distinct.

APPENDIX 1

In Fig. 16, we plot £ assuming k,, = 100k.

APPENDIX 11

In Fig. 17, we plot the calculated directivity as a function of
I/X = kl/2r = 0.01k,l/2m.

APPENDIX 111

In this appendix, we calculate the exact electric field from a
carbon nanotube antenna. This discussion follows very closely
that of Balanis [44]. We calculate the magnetic field using

~10A,

H=- .
w Op

87)
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Choosing ¢ = 7 /2 for convenience (without loss of gener-
ality) and transferring to cylindrical coordinates, we have

Expanding the sin term with Euler’s relation we find

0 i ,
ot [ 2 A
871 dy R

—1/2

0
) o —i(kR+kyz")
_ o—ikpl/2 / le ds'

Hy=—

dy R
—1/2
1/2

—i(kR4kpz'
ez [ 2 [%]d
. Y
0

12 i(kR—kp=")
. T 9 [eikR—kpz
_67119},1/2/ a_yleT]dz’ .(89)

0

The third term within the brackets can be written as

1/2

) w9 | e—ikR+ky2")
kal/Z . d_,l
‘ / dy [ R :

0
1/2

:eikpl/2/{%§ |:e—i(kR+kpZ/)}
- Y

0
_}_e_i(kR'i'kpzl)% (%) } le. (90)

The two terms can be expanded to yield

3 |:e—i(kR+kpz’)i| :ﬂ |:e—i(k\/.r2+y2+(z—z’)2+kpz’):|

dy dy
— _ b Y omi(kR+kyz") o1
o0 (1 0 —-1/2
ay (1) =gy {1+ =07
- _ %. (92)
Thus, the previous equation can be expressed as
2 i(k R4k 2’
etkpl/2 / 3 —eiz( ) dz
J 0y R
0
v i(kR+kpz") i(kR+-kp2")
_ k)2 . ‘6_1 p 2 et pZ
= ye'tol/ / l—Jk = - =3 ] dz'. (93)
0
Consider now the differential of
o—i(kR+ky2")
R(R+ 2 —2)
—d [R‘l(R 1 Z)—le—i(kR+kpz'):|
_ o d(kRR, ) dR”! n d(R+ 2 —2)"!
(R+ 2 —2) R
Cd(kR + kp2')
—f— 94
R(R+ 2 —z) ©4)
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. 0 . ’
Each term can be written as e / 9 o—i(kR+k,z) o
J oy R
dR™1 (z—2") 5 —1/2
= A -
R+ —z2) R¥R+ 7)) B e~ tkpl/2 [(1 n /2 + Z) o—i(kRa—ky1/2)
dR+2 —2)~" [(R—}—z’—z)_?d(R—l—z’—z)] Yy Ry
R R — (14 2) et (102)
1 , "
=—\lmp o |4 2 —i(kR—k, ="
R (R+ 2 — 2) T 9 | e ) 0
[ AR + k) dy R ?
R(R+ 2 —2)

—Lk l/2 92— .
= —ik ( L > dz' (95) Kl + Y Z) e i FR1=kp1/2)
= i ,

Thus, we have ( ;) "“] (103)

Using these, we find

—i(kR+ky='
e ) o~ i(kR+kyz") [_i ik } ds'

R(R+ 2 —z) R3 H.— Iy 1 e kR | o=ikRy _ 9 oo kpl ik
(96) T Tdamiy 2
Using this, we can express (104)
12 The electric field can be determined from the magnetic field
k12 9 | e~ i(kR+tky2") & using one of Maxwell’s equations
— || az
dy R
- 1 = -,
/2 ) , EFE=—VxH (105)
) e—i(kR+kpz") Twe
— yezkpl/Z / d
R(R+ 2 —2) which in the y-z plane becomes for F,
0
o—i(kR1+kp1/2) o—ikr
= yeito!/? [ - o7) 110
Ri(Ri+1/2—2) r(r—z) E,=———(yHy,). (106)
iwe y Jy
where ] ) ) ) )
Using this, and the previous expression for the magnetic field,
Ry =22+ y2 + (2 — 1/2)? we find
=2+ (2 - 1/2)? (98)
r =12+ y2 + 22 B — —jn—IO e~k f N e~ ikR: 9eos (M) e tkr
— /y2 + 22_ (99) # vy R1 R2 2 T
(107)
Using these, we can rewrite the previous equation as
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